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2it is shown that the Euclidean scalar potential A
0
(x) can
appear in the heat kernel (outside covariant derivatives)
provided that it does so as a periodic variable with pe-
riod 2=, to be consistent with (large) gauge invariance.
This is a particular manifestation of the relevance of the
Polyakov loop.
We present here the rst systematic calculation of the
heat kernel expansion at nite temperature at coinci-
dent points (in at space without boundaries) for general
backgrounds which may be non Abelian and non station-
ary. The result is gauge covariant and depends locally
on the covariant derivatives and the Polyakov loop. The










(x) is the gauge covari-
ant derivative and M (x) is a Lorentz scalar. Both A

(x)
and M (x) are allowed to be matrices in some internal
space (the treatment applies to Abelian and non Abelian
theories). One can form local and gauge covariant opera-
















X stands for [D

; X]. The local operators can
be classied according to their mass dimension. For
each dimension there is a nite number of them. At
zero temperature, under suitable regularity conditions,
one can asymptotically expand an expression of the form











denotes a linear basis including all possible local op-
erators and f
r
are some numerical coeÆcients which de-
pend on the function f . In particular, for the matrix
elements of the heat kernel at coincident points one ob-
tains the familiar Seeley-DeWitt asymptotic expansion
hxje
 K










d being the space-time dimension. The local operators
a
n
(x) themselves do not depend on d or  and have mass
dimension 2n. Of course, once one has the expansion for
the heat kernel, the use of integral representations [1] al-
lows to obtain the expansion for other functions f(K),
such as the -function [3, 6], the eective action, the
resolvent or the eective current, without a new compu-
tation.
At nite temperature, because the Euclidean time
coordinate is compactied, one can expect to expand
hxjf(K)jxi in terms of operators which are local regard-
ing the spatial coordinates but not in the time coordinate











That is, at nite temperature the numerical coeÆcients
f
r
become functions of the Polyakov loop 
(x). This re-
sult is remarkable on several accounts. First, although
full space-time locality does not hold at nite temper-
ature, still the result looks space-time local if written
in terms of the eld 
(x) and the other local opera-
tors. (Note that 
(x) is local regarding gauge transfor-
mations.) Second, full gauge covariance (the covariance
under continuous local similarity transformations in in-
ternal space) is manifest, since this property is shared by
the Polyakov loop and the local operators. This is not
always automatically true for other expansions; because
the space-time is not simply connected in the imaginary
time formalism, in addition to the usual topologically
small gauge transformations there are also large transfor-
mations (i.e., not reachable by composition of innitesi-
mal ones). Covariance under such large transformations
fails to hold, for instance, in simple-minded perturbation
theory [27, 28].
In the non Abelian case 
(x) needs not commute with
the other quantities. The fact that it appears to the left
in (4) is a matter of choice (putting it to the right would
yield a dierent set of functions f
r
). We remark that the
operators O
r
are local and gauge covariant but not neces-
sarily Lorentz invariant. That is, operators with dierent
Lorentz indices may have dierent weights at nite tem-
perature. Rotational invariance is of course preserved.
As we have argued above, for many purposes it is suf-
cient to consider the expansion for the heat kernel. At
nite temperature the result can still be written as
hxje
 K














erators, and depend on 
,  and , but not on d.
At nite temperature the heat kernel expansion con-
sists actually of three expansions. One in powers of M ,
another in powers of D
i
, and nally another expansion
in powers of D
0
. The rst two expansions are standard
and no dierent to those done at zero temperature, but
the expansion in D
0
is tricky and has to be carried out
with care. This is because a naive expansion in tempo-
ral derivatives is in conict with gauge invariance. This
is easy to understand by noting that the derivative ex-
pansion refers to external elds with very wide proles.
Whereas this is unproblematic in the spatial direction,
the situation in the temporal direction is dierent since
the Euclidean time is periodic and dilatations in the tem-
poral direction break the periodicity condition.
For the calculation we use the method of symbols























;M ) is any (ultraviolet nite) operator constructed
out of D

and M , and j0i is the zero momentum state,





when it reaches the right end, and the brackets hxjj0i are
often not explicit. An application of the symbols method






















For the spatial part we can directly use the known
heat kernel expansion at zero temperature [8, 12] on






. The operators Q are then moved to
the left generating commutators of the form [Q; ]. These




; ] since p
0
is a c-number.
The Q's not in commutators, placed at the left of the






















is equivalent to 
(x). In this way the operator Q









































































































is the electric eld and we use













etc. The quantities '
n
are functions of 






















Here, Q given in (9) and p
0
runs over the Matsubara
frequencies, 2k= (k integer) for bosons and 2(k +
1
2
)= for fermions. Consequently, there are bosonic and












and their derivatives [31].






)'s are one-valued functions of 
 and
so gauge invariance is preserved. (The quantity log
 is
covariant under small gauge transformations but many-
valued under large ones.) Actually, if we use Poisson's



















Second, we note that the expansion contains coeÆcients
of half-integer order with local operators of odd dimen-















, which is manifest in the
Klein-Gordon operator, is preserved. Odd dimensional
terms vanish at zero temperature except in presence of
boundaries [32]. One of the techniques to deal with
boundaries is the method of images. The path integral
method suggests that the presence of these terms at nite
temperature can also be understood from the fact that
the particle sees its own image from its periodic replicas.
In the zero temperature limit the functions '
n
become






1)!! and vanish for odd n. It is easy to verify that the
thermal coeÆcients reproduce the zero temperature ones
in this limit and Lorentz invariance is restored. As illus-
trated in (12) the low temperature or low  corrections




The thermal coeÆcients have been collected according
to the mass dimension of the local operators. At zero
temperature this is equivalent to an expansion in powers
of  , but at nite temperature it corresponds to expand
in powers of  keeping =
2
and 
 constant. Due to the
exponential suppression, a strict expansion in  for xed
 would yield just the zero temperature result. (This
accounts for the well known fact that ultraviolet diver-
gences and anomalies are temperature independent [33].)





















































































































































































unique due to integration by parts and the trace cyclic
property. At zero temperature these operations do not
mix dierent orders, but at nite temperature this is no
longer true since the commutators (in particular covari-
ant derivatives) of 
(x) generate dimensional terms [34].







is not identically zero. Of course, the trace of the heat
kernel itself is unique and the ambiguity amounts to a
reorganization of the asymptotic expansion (no such am-
biguity exists for the a
T
n
). The heat kernel is symmetric
under transposition ABC    !   CBA and this sym-
metry is manifest in the b
T
n
(using the cyclic property).
It can be noted that, exactly as in the zero temperature
case [8], the coeÆcients a
T
n
can be obtained from the b
T
n
through functional derivation with respect to M (x).
In addition to the explicit formulas, one of the inter-
esting results of this calculation is of qualitative type,







can be grouped according to the weights '
k
. This in-
dicates a denite pattern of Lorentz symmetry breaking
at nite temperature (even in the absence of scalar po-
tential). This pattern will manifest itself in applications
such as those to renormalization group ow at nite tem-
perature [35], the general form of the chiral perturbation
theory eective Lagrangian at nite temperature, etc.
The fundamental role played by the Polyakov loop is
further illustrated by considering the trivially solvable
case of a homogeneous relativistic quantum gas. In the
absence of external elds (other than a massm), the low-





is suÆcient to obtain the eec-
tive action and so the grand canonical potential (e
 m
2
exactly factorizes out of the heat kernel)[38]. A simple
integral transform to pass from the exponential to the













(for bosons) [36]. We want to emphasize the relation be-
tween the chemical potential  and the Polyakov loop

. The chemical potential couples as a constant addi-
tive term in the scalar potential. Because it is constant,
 does not contribute to the local operators, since there
A
0
(x) only appears through the covariant derivative D
0
.
If the Polyakov loop were absent in the formulas,  would
not appear at all in the partition function. An obviously
incorrect result. It is also noteworthy that the periodic
dependence of the heat kernel on log
 implies the well
known fact that the partition function is periodic in 
with period 2i (a consistency condition due to its cou-
pling to the quantized charge operator). The Polyakov
loop thus appears as a generalization of the factor e

to non constant and non Abelian gauge elds. In curved
space-times, in addition to the Polyakov loop of the gauge
connection A

, there is a Polyakov loop tied to the par-
allel transport connection  

, with consequences in eld
theory in presence of gravitational elds.
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